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A B S T R A C T

Tramways decrease time, cost, and environmental impact of urban transport, while requiring
multimodal intersections where trams arriving with nominal periodic timetables may have
right of way over road vehicles. Quantitative evaluation of stochastic models enables early
exploration and online adaptation of design choices, identifying operational parameters that
mitigate impact on road transport performance.

We present an efficient analytical approach for offline scheduling of traffic signals at
multimodal intersections among road traffic flows and tram lines with right of way, minimizing
the maximum expected percentage of queued vehicles of each flow with respect to sequence
and duration of phases. To this end, we compute the expected queue size over time of each
vehicle flow through a compositional approach, decoupling analyses of tram and road traffic.
On the one hand, we define microscopic models of tram traffic, capturing periodic tram
departures, bounded delays, and travel times with general (i.e., non-Exponential) distribution
with bounded support, open to represent arrival and travel processes estimated from operational
data. On the other hand, we define macroscopic models of road transport flows as finite-capacity
vacation queues, with general vacation times determined by the transient probability that the
intersection is available for vehicles, efficiently evaluating the exact expected queue size over
time. We show that the distribution of the expected queue size of each flow at multiples of the
hyperperiod, resulting from temporization of nominal tram arrivals and vehicle traffic signals,
reaches a steady state within few hyper-periods. Therefore, transient analysis starting from this
steady-state distribution and lasting for the hyper-period duration turns out to be sufficient to
characterize road transport behavior over time intervals of arbitrary duration.

We implemented the proposed approach in the novel OMNIBUS Java library, and we
compared against Simulation of Urban MObility (SUMO). Experimental results on case studies
of real complexity with time-varying parameters show the approach effectiveness at identifying
optimal traffic signal schedules, notably exploring in few minutes hundreds of schedules
requiring tens of hours in SUMO.

. Introduction

.1. Motivation

The growing need of urban mobility promotes development of tramways [1] to reduce traffic congestion and improve quality
f service and environmental sustainability of transport [2,3]. However, tramways also reduce resources for road traffic and in
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particular require multimodal intersections where trams typically have right of way. Optimization of traffic signals becomes crucial
to mitigate the impact. To this end, quantitative evaluation of stochastic models combining arrival and service processes of road
traffic and tramway flows can effectively support early assessment of design choices and runtime adaptation, leveraging smart
technologies for online estimation of traffic parameters and tram delays with respect to nominal arrival times [4] to maximize
expected capacity or minimize expected queue lengths and delays due to signal control at intersections [5].

1.2. Related works

Various methods for operation and management of urban transportation systems address simulation and analysis of traffic
ignals [6], leveraging models such as variants of Petri Nets (PNs) [7], cellular automata [8], and car following representations [9].
hese models are defined at different levels of abstraction, ranging from microscopic to macroscopic: on the one hand, microscopic
models represent behavior of individual vehicles, possibly capturing interactions among vehicles and fine details about driver actions
(e.g., reaction and impatience); on the other hand, macroscopic models encode global or aggregated features of traffic streams
(e.g., density, flow, and average speed), typically achieving computational efficiency while structurally missing the representation
of synchronous phenomena like tram arrivals. These models are evaluated by various simulative and analytical solution techniques
such as the input–output method [10], the shockwave theory [11,12], and rule-based methods [13,14], typically computing
various mobility and sustainability measures, such as expected queue lengths and waiting times at intersections, and expected fuel
consumption [6].

In the literature on macroscopic models, an urban intersection is modeled in [15] as a Hybrid Petri Net (HPN), where the
continuous dynamics represents road traffic flows and the discrete dynamics models traffic light rules, comparing vehicles flows
computed through HPN simulation with real traffic data. The model is extended in [16] to represent an urban transportation
network made of multiple intersections, solving a control problem to coordinate the traffic lights of several intersections so as
to minimize the travel time of a special class of road vehicles. An urban intersection among road traffic flows is modeled in [17]
through a variant of HPNs, representing vehicle flows as fluids and lane interruptions and traffic light signals as discrete events,
and computing the average number of vehicles in each link via model simulation. In [18], Petri nets are used to synthesize both
microscopic and macroscopic models of multiple signalized intersections among road traffic flows, assuming Poisson arrivals, and
exploiting adaptive spatial discretization and model simulation to derive flow rate and speed of vehicles. A macroscopic model of
a traffic network consisting of signalized and unsignalized intersections is defined in [19] by capturing the vehicle flow dynamics
at each intersection, solving a mixed integer linear programming problem to derive an optimal traffic light control strategy. The
input–output approach [20] estimates vehicle arrival and departure profiles at signalized intersections among vehicle flows to predict
delay (i.e., difference between actual and desired travel time) and maximum queue length over time for each vehicle flow for
each signal cycle, assuming that temporization of traffic signals is a-priori known, and that the queue rear does not exceed vehicle
detector, preventing application to congestion scenarios. In [12], the shockwave theory is used to analyze the dynamics of formation
and dissipation of queues at isolated signalized intersections among vehicle flows by examining the dynamics of the shock waves
formed due to intermitted service of traffic, achieving accuracy in temporal and spatial characterization of queueing processes and
in identification of the optimal cycle, while assuming that vehicle arrival times are known and have binomial distribution. Results
are extended in [21] using existing detectors to estimate the maximum queue length (i.e., distance from the intersection stop line
to the position of the last vehicle that has to stop in a cycle), managing congested links with long queues while requiring high
resolution of traffic signal data.

In the literature on microscopic models, detection and solution of conflicts induced by driver behavior at multiple signalized
intersections is supported in [22] by models in the class of Time Petri Nets (TPNs), representing deterministic durations of traffic light
phases, periodic arrival times of vehicles, and uncertain travel times comprised within min–max intervals, but without associating
temporal parameters with a measure of probability. The model is extended in [23] into a Deterministic and Stochastic Petri
Net (DSPN) where normal distributions of vehicle flows and travel times are approximated with Erlang distributions, supporting
deadlock detection through structural DSPN analysis and minimization of queue lengths through the optimal setting of the durations
of traffic light phases within a receding horizon approach. In particular, DSPN simulation is exploited to derive mean queue lengths
during 5-minute intervals, assuming that the sequence of phases is fixed and a-priori known. Preliminary results on the analysis of
a microscopic model of an intersection between a vehicle flow and a two-track tram line with right of way are presented in [24,25].
The model features periodic tram departures and stochastic tram delays and travel times, but explicitly represents each state of the
queue of vehicles, so that the evaluation does not scale with the queue size and is limited to deriving a rough estimate on the average
queue size over time by grouping car arrivals into platoons. In [13], rule-based simulation of different signal policies at a signalized
intersection is performed under different traffic demands to evaluate how transit vehicles with right of way impact other traffic flows,
assuming Poisson vehicle arrivals, considering traffic light schedules with fixed phase sequence, and not representing synchronous
arrivals and distributions of travel times. Model predictive control policies are developed in [26] for two connected multi-modal
signalized intersections between vehicles and bicycles, exploiting simulation of an analytical model representing average time-
dependent arrival rates, number of queued vehicles, number of queued bicycles, and traffic signals with fixed phase sequence, while
not associating arrival and travel processes with a stochastic characterization. A deterministic model of two connected signalized
intersections is defined also in [27], solving a mixed integer linear programming problem to accommodate asynchronous priority
requests from different modes of vehicles and pedestrians, and implementing the proposed traffic control policy using the VISSIM
microscopic simulation tool [28,29]. Mixed linear integer programming problems exploiting similar deterministic models are solved
2

also to coordinate tram timetables and signal timing at intersections with vehicle flows, aiming at minimizing tram travel times and
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maximizing tram timetable adherence, either exploiting emerging technologies such as automatic vehicle location and advanced
control systems [30] or predetermining signal coordination based on volumes and operational characteristics of transit vehicles [31].
Similarly, a multi-objective optimization problem is solved also in [32] to minimize tram travel times and dwell times for a single
two-way line, aiming also at minimizing impact of trams on road vehicles at signalized intersections, though considering a simple
model where same transit signal priority actions have same negative effect (cost) regardless of traffic conditions. Simulation of an
urban mobility model based on cellular automata is used in [33] to investigate how traffic is affected by control mechanisms at
signalized intersections, such as cycle duration, green split, and coordination of traffic signals, assuming a single mode of transport
and considering a simplified scenario where the network topology consists of evenly spaced horizontal and vertical streets, and each
direction has the same traffic load and thus also the same amount of green time at any intersection. Simulation of stochastic cellular
automata is used in [34] to compare tram priority schemes at signalized intersections with road vehicle traffic, considering vehicle
turning probability and tram stopping probability, while assuming tram arrivals at deterministic times not subject to stochastic
delays.

Other methods exploit autonomy and connectivity in vehicle technology as well as road sensors detecting vehicle movements to
ptimize traffic signal control at signalized intersections [35], thus addressing significantly different scenarios with respect to our
pproach which just assumes the presence of sensors to detect tram passages, e.g., joint optimization of signal control and vehicle
aths is performed to minimize vehicle delay under homogeneous traffic of fully automated vehicles in [36] and under mixed traffic
f automated and conventional vehicles in [37]; real-time synchronous management of vehicle movements is performed in [38] to
educe travel delay and fuel consumption; and, in [39], an offline planner, resynchronizing traffic signals to minimize tram travel
imes, is integrated with an online controller, adopting different control strategies to instruct trams to travel within appropriate
rogressions. Various approaches at different scale of abstraction exploit machine learning methods for traffic signal control [6,40],
uch as multi-agent learning and reinforcement learning [41–43], requiring availability of significantly larger amounts of mobility
ata with respect to our approach, for which statistics of inter-arrival and travel times of vehicles and trams are sufficient for model
efinition. According to this, these classes of related works are regarded as out of scope with respect to this paper.

.3. Contribution

In this paper, we present an efficient and accurate analytical approach for offline scheduling of traffic signals at multimodal
ntersections among road transport flows and tram lines with right of way, aimed at minimizing the maximum expected percentage
f queued vehicles of each flow with respect to sequence and duration of phases. To this end, we derive the expected queue size over
ime of each vehicle flow through a compositional approach which decouples analyses of a microscopic model of tram traffic and a
acroscopic model of road traffic, notably achieving accuracy comparable with that of SUMO (Simulation of Urban MObility) [44]

n finding optimal schedules while significantly outperforming it in terms of computational load. To the best of our knowledge, this is
he first paper where optimization of traffic signals at vehicle-tram intersections is addressed by capturing periodic tram departures
nd general (GEN), i.e., non-Exponential, tram delays and travel times, with consequent unavailability of the intersection to vehicle
lows for time intervals having GEN duration, starting from periodic time instants subject to GEN delays. Specifically:

• We provide a microscopic model of tram traffic using Stochastic Time Petri Nets (STPNs) [45], representing periodic inter-
arrival times as well as GEN bounded delays and crossing times, opening the way to the representation of arrival and travel
processes estimated from operational data, and thus also to the integration of model-based and data-driven approaches. We
perform numerical analysis based on the method of stochastic state classes [46] to compute the transient probability that the
intersection is available for vehicle flows.

• We provide a macroscopic model of vehicle traffic by finite-capacity vacation queues [47–49], with GEN vacation times
(i.e., duration of the intervals of intersection unavailability for vehicles) determined by the transient probability that the
intersection is unavailable for vehicle flows, and with Exponential (EXP) inter-arrival times and service times (i.e., times needed
to leave the intersection). Note that non-EXP inter-arrival times and service times could be easily modeled as well, e.g., using
hyper-EXP distributions, Markovian Arrival Processes, and time-inhomogeneous Poisson Processes, enabling representation of
vehicles arriving in bursts, platoons, and free flow. We solve the set of ordinary differential equations characterizing the queue
behavior to derive the expected queue size over time for each flow. Note that derivation is exact, given that dependencies of
vehicle traffic on tram traffic are taken into account in the evaluation.

• We prove that the distribution of the expected queue size of each vehicle flow reaches a steady state at multiples of the
hyper-period, resulting from temporization of nominal tram arrivals and vehicle traffic signals. We derive this distribution by
performing steady-state analysis of the Discrete Time Markov Chain (DTMC) embedded at multiples of the hyper-period in the
continuous-time birth–death process characterizing the queue behavior. Given that the steady state is experimentally observed
to be reached within few hyper-periods, the expected queue size over time can be derived by performing transient analysis
starting from the steady-state distribution and lasting for the hyper-period duration.

• We compare with SUMO to assess accuracy and computational load of deriving signal schedules that minimize the maximum
expected percentage of queued vehicles of each flow, considering road-tramway intersections of real complexity. Results show
that the approach achieves comparable accuracy, while requiring a computation time up to nearly four orders of magnitude
3

lower than that of SUMO, notably evaluating in few minutes hundreds of schedules requiring tens of hours in SUMO.
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Summarizing, major contributions of this paper consist of: definition of an efficient and accurate approach for offline derivation
f optimal signal schedules for multimodal intersections among road transport flows and tram lines with right of way, capturing
eriodic tram departures and GEN tram delays and travel times; comparison of experimental results with those obtained by
UMO; definition and implementation of a metamodel of a multimodal intersection, enabling automated model derivation and
nalysis; implementation of the approach in the OMNIBUS Java library available open source under the AGPLv3 licence at
ttps://doi.org/10.5281/zenodo.10693840, supporting replication of the experimental results; and, implementation of a repository
upporting replication of the comparison of the experimental results with those obtained by SUMO, available under the EPLv2
icence at https://doi.org/10.5281/zenodo.10695718.

.4. Paper organization

The rest of the paper is organized in four sections. First, we define the metamodel of a multimodal urban intersection and we
rovide the STPN model of a metamodel instance (Section 2). Then, we perform transient analysis of the STPN model of each tram
rack to derive the transient probability that the intersection is available for vehicle flows, and we use this probability in the analysis
f both transient and steady-state behavior of each vehicle flow to derive the expected queue size over time (Section 3). Next, we
resent experimental results (Section 4). Finally, we draw our conclusions (Section 5).

. System model

In this section, we define the metamodel of a multimodal urban intersection (Section 2.1) and we represent metamodel instances
hrough STPNs to provide them with formal semantics (Section 2.2).

.1. Metamodel of a multimodal urban intersection

Fig. 1 shows the metamodel [50] of a multimodal urban intersection, capturing both the parameters of the STPN model of
ection 2.2 and the parameters of the SUMO model used in Section 4 to validate experimental results. Table 1 summarizes all
arameters, and Fig. 2 shows a schematic representation of an intersection (not representative of the geometry of the intersection).
pecifically, we consider an intersection (represented by the class Intersection) among independent single-lane vehicle flows

(class VehicleFlow) and independent tram lines with right of way (class TramLine), i.e., we consider unconditional transit
signal priority control [51], according to which signal priority is granted based on the actual presence of trams. In the STPN model
of Section 2.2 and in the SUMO model of Section 4, intersection crossing is regulated by a traffic light with periodic schedule 𝜎 with
eriod 𝑃 , also termed cycle [6], divided into 𝑊 phases 𝛴1, . . . , 𝛴𝑊 with duration 𝐵1, . . . , 𝐵𝑊 , respectively, such that during each

phase either a subset of vehicle flows is allowed to cross the intersection unless a tram is approaching or crossing, or no vehicle
flow is allowed to cross (e.g., for safety reasons when switching permission to cross among vehicle flows), i.e., 𝜎 ∶ [0, 𝑃 ] → 2{0,1,…,𝐼}

where 𝐼 is the number of vehicle flows and 𝑖 ∈ 𝜎(𝑡) if 𝑡 belongs to a phase assigned to vehicle flow 𝜙veh
𝑖 and 𝜎(𝑡) = ∅ if 𝑡 belongs

o a phase during which no vehicle is allowed to cross the intersection. Similarly, we define the schedule 𝜎𝑖 of vehicle flow 𝜙veh
𝑖

s 𝜎𝑖 ∶ [0, 𝑃 ] → {0, 1} where 𝜎𝑖(𝑡) = 1 if 𝑖 ∈ 𝜎(𝑡) and 𝜎𝑖(𝑡) = 0 otherwise. Moreover, in the SUMO model, an intersection has also
ength 𝐸, characterizing the distance that vehicles and trams must travel to cross it. For simplicity of presentation, we consider

single common length for each vehicle flow and tram line, though different lengths could be easily encompassed in the SUMO
odel.

Vehicles of each flow 𝜙veh
𝑖 queue up in a road section ahead of the traffic light (class RoadSection). In the SUMO model, the

oad section has length 𝑆𝑖 and it allows vehicles of length 𝐶𝑖 keeping safe distance 𝐷𝑖 and maximum speed 𝑉𝑖. Therefore, the queue
f 𝜙veh

𝑖 (class Queue) has capacity 𝐾𝑖 ∶= ⌊𝑆𝑖∕(𝐶𝑖 + 𝐷𝑖)⌋, which is also a parameter of the STPN model. Both in the STPN model
nd in the SUMO model, for each vehicle flow 𝜙veh

𝑖 , the initial number of queued vehicles follows an arbitrary discrete probability
istribution 𝜌𝑖 ∶ {0, 1,… , 𝐾𝑖} → [0, 1], and vehicle arrivals are represented by a Poisson process with rate 𝜆𝑖. When vehicles are
llowed to cross the intersection by the traffic light schedule and no tram is approaching or crossing the intersection, the time
eeded by a vehicle of flow 𝜙veh

𝑖 to leave the intersection is characterized by an EXP distribution with rate 𝜇𝑖,𝑘 in the STPN model.
ote that non-EXP distributions of vehicle arrival times could be easily introduced both in the proposed approach and in SUMO

see Section 3.2), e.g., using hyper-EXP distributions, Markovian Arrival Processes, and time-inhomogeneous Poisson Processes,
epresenting vehicles arriving in bursts, platoons, and free flow. Similarly, non-EXP distributions could be easily considered for
ehicle leaving times in the proposed approach. As pointed out in Table 1, we remark that EXP leaving times are not enforced
n SUMO in any way. Actually, in SUMO we just control the maximum vehicle speed 𝑉𝑖 and the minimum vehicle distance 𝐷𝑖,
.g., vehicles may accelerate or decelerate when approaching or leaving the intersection.

Each tram line 𝜙tram
𝑙 consists of multiple tracks (class TramTrack). A wayside system is installed on each track, close to the

ntersection, to detect tram passages and trigger the traffic signals of vehicles red as the tram is approaching (the nominal periodic
chedule 𝜎 of the intersection traffic light is restored when the tram has left the intersection). Both the STPN model and the SUMO
odel capture that trams of track 𝜙tram

𝑙,𝑧 of line 𝜙tram
𝑙 reach the wayside system with nominal periodic inter-arrival times, with period

𝑙 (same for all the tracks of the line) and offset 𝑂𝑙,𝑧 (i.e., the nominal arrival time of the first tram is 𝑂𝑙,𝑧 and that of the 𝑛th tram
s 𝑂𝑙,𝑧 + (𝑛 − 1) 𝑇𝑙 ∀ 𝑛 > 1), and with delay having GEN distribution 𝑑𝑙,𝑧 ∶ [𝑑min

𝑙,𝑧 , 𝑑max
𝑙,𝑧 ] → [0, 1] with bounded support. When traveling

he short distance from the wayside system to the intersection, the tram speed is considered constant and thus the corresponding
4

ravel time is modeled as a deterministic (DET) value 𝐺𝑙,𝑧, representing the time advance with which traffic signals of vehicles are

https://doi.org/10.5281/zenodo.10693840
https://doi.org/10.5281/zenodo.10695718
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Table 1
Parameters of the STPN model and the SUMO model.

intersection parameter STPN SUMO
𝑃 traffic signal period ✔ ✔

𝐵𝑤 duration of traffic signal phase 𝛴𝑤 ✔ ✔

𝐸 intersection length ✗ ✔

vehicle flow 𝜙veh
𝑖 parameter STPN SUMO

𝑆𝑖 road section length ✗ ✔

𝐶𝑖 vehicle length ✗ ✔

𝐷𝑖 minimum vehicle distance ✗ ✔

𝑉𝑖 maximum vehicle speed ✗ ✔

𝐾𝑖 vehicle queue capacity ✔ ✔

𝜌𝑖 initial queue length distribution ✔ ✔

𝜆𝑖 vehicle arrival rate ✔ ✔

𝜇𝑖 vehicle leaving rate ✔ ✗

tram line 𝜙tram
𝑙 parameter STPN SUMO

𝑇𝑙 period ✔ ✔

tram track 𝜙tram
𝑙,𝑧 parameter STPN SUMO

𝑂𝑙,𝑧 offset ✔ ✔

𝑑𝑙,𝑧 delay distribution ✔ ✔

𝐺𝑙,𝑧 red signal trigger time ✔ ✔

𝑐𝑙,𝑧 crossing time distribution ✔ ✔

Fig. 1. Metamodel of intersections among independent vehicle flows and independent tram lines with right of way.

Fig. 2. Schematic representation of an intersection defined by the metamodel of Fig. 1.

riggered red with respect to the tram arrival time at the intersection. Conversely, the time needed by a tram to cross the intersection
s characterized by a GEN distribution 𝑐𝑙,𝑧 ∶ [𝑐min

𝑙,𝑧 , 𝑐max
𝑙,𝑧 ] → [0, 1] with bounded support. Of course, the tram line period 𝑇𝑙 is selected

o that it is never the case that a tram approaches the intersection before the previous tram has left it, i.e., 𝑇𝑙 < 𝑂𝑙,𝑧+𝑑max
𝑙,𝑧 +𝐺𝑙,𝑧+𝑐max

𝑙,𝑧
∀ 𝑙 ∈ {1,… , 𝐿}, ∀ 𝑧 ∈ {1,… , 𝑍𝑙}, where 𝐿 is the number of tram lines and 𝑍𝑙 is the number of tracks of line 𝜙tram

𝑙 .

The hyper-period 𝐻 of the intersection is the least common multiple of period 𝑃 of traffic signals and periods 𝑇1, . . . , 𝑇𝐿 of tram
tram tram
5

lines 𝜙1 , . . . , 𝜙𝐿 , respectively.
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Fig. 3. STPN model of an instance of the metamodel of Fig. 1.

.2. STPN of a multimodal urban intersection

Fig. 3 shows the STPN model of a multimodal urban intersection derived from the metamodel of Fig. 1. STPNs [45] model
oncurrent timed systems with stochastic temporal parameters and discrete probabilistic choices. Specifically, transitions (in Fig. 3,
epicted as bars) model the stochastic duration of activities, tokens (depicted as dots) within places (depicted as circles) model
he discrete logical state of the system, and directed arcs (depicted as directed arrows) from input places to transitions and from
ransitions to output places model precedence relations among activities. A transition is enabled by a marking (i.e., an assignment
f tokens to places) if each of its input places contains at least one token and if its enabling function (depicted by label ‘‘e’’ and not
hown to reduce the cluttering) evaluates to true (e.g., transition 𝚙𝚎𝚛𝚒𝚘𝚍1,1 has neither input places nor enabling functions, and thus

it is always enabled and it repeatedly fires at multiples of 𝑇1, representing periodic tram arrivals of track 𝜙tram
1,1 ). Upon enabling,

each transition samples a time-to-fire from its Cumulative Distribution Function (CDF), which can be an EXP distribution (EXP
transitions are depicted as tick white bars), a GEN distribution (GEN transitions are depicted as tick black bars), or the generalized
distribution of a Dirac Delta function1, in the latter case yielding DET time-to-fire (DET transitions are depicted as tick gray bars)
or zero time-to-fire (transitions with zero time-to-fire, not present in Fig. 3, are depicted as thin black bars). The transition with
minimum time-to-fire is selected to fire, removing one token from each of its input places and adding one token to each of its output
places. Ties (i.e., limit cases of synchronization among DET transitions with same time-to-fire, e.g., occurring when transitions with
the same DET value are enabled at the initial time) are solved by a random switch determined by probabilistic weights associated
with transitions.

The model of Fig. 3 consists of a submodel for each track of each tram line, a submodel for the periodic schedule of the
intersection traffic light, and a submodel for each vehicle flow. Specifically, the submodel of tram track 𝜙tram

𝑙,𝑧 of line 𝜙tram
𝑙 consists

f a sequence of transitions chained through their input places:

1 To simplify presentation, without loss of generality, we do not provide a formal definition of generalized CDF and generalized Probability Density
6

unction (PDF) of a discrete random variable.
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• the DET transition 𝚙𝚎𝚛𝚒𝚘𝚍𝑙,𝑧 with value 𝑇𝑙 and the DET transition 𝚘𝚏𝚏𝚜𝚎𝚝𝑙,𝑧 with value 𝑂𝑙,𝑧 model the period and the offset,
respectively, of the arrival process of trams at the wayside system;

• the GEN transition 𝚍𝚎𝚕𝚊𝚢𝑙,𝑧 with CDF 𝑑𝑙,𝑧 models the tram delay on the nominal arrival time at the wayside system;
• the DET transition 𝚝𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛𝑙,𝑧 with value 𝐺𝑙,𝑧 models the time needed by a tram to travel from the wayside system to

the intersection;
• the GEN transition 𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐𝑙,𝑧 with CDF 𝑐𝑙,𝑧 models the time spent by a tram in crossing the intersection.

The traffic light schedule submodel is a sequence of DET transitions 𝚙𝚑𝚊𝚜𝚎1, . . . , 𝚙𝚑𝚊𝚜𝚎𝑊 chained by their input places, where
the value of 𝚙𝚑𝚊𝚜𝚎𝑤 is the duration 𝐵𝑤 of the 𝑤th phase ∀𝑤 ∈ {1,… ,𝑊 }, and the sum of the values of all transitions is equal to
the traffic light period 𝑃 .

The submodel of a vehicle flow represents a finite-capacity birth–death process where the birth rate is constant and the death
rate may depend on the queue length. Specifically, the submodel of vehicle flow 𝜙veh

𝑖 consists of: 𝐾𝑖+1 places 𝚀𝚞𝚎𝚞𝚎𝑖,0, . . . , 𝚀𝚞𝚎𝚞𝚎𝑖,𝐾𝑖
(where 𝐾𝑖 is the queue capacity) modeling the condition that the queue contains 0, . . . , 𝐾𝑖 vehicles, respectively; 𝐾𝑖 EXP transitions
𝑖,0, . . . , 𝚝𝑖,𝐾𝑖−1 with rate 𝜆𝑖 modeling a vehicle arrival; and, 𝐾𝑖 EXP transitions 𝚜𝑖,0, . . . , 𝚜𝑖,𝐾𝑖−1 with rate 𝜇𝑖,0, . . . , 𝜇𝑖,𝐾𝑖−1, respectively,
odeling a vehicle departure when the queue contains 1, . . . , 𝐾𝑖 vehicles, respectively. Each transition 𝚜𝑖,𝑘 ∀ 𝑘 ∈ {0,… , 𝐾𝑖 − 1} has

n enabling function that evaluates to true if the vehicle flow is allowed to cross the intersection according to the traffic light
chedule (i.e., if the marking of the traffic light schedule submodel assigns one token to the input place of one of the transitions
odeling the phases assigned to the vehicle flow) and if no tram of any track is approaching or crossing the intersection (i.e., if the
arking of the submodel of each tram track 𝜙tram

𝑙,𝑧 does not assign tokens to places 𝚃𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛𝑙,𝑧 and 𝙲𝚛𝚘𝚜𝚜𝚒𝚗𝚐𝑙,𝑧), e.g., if vehicle
low 𝜙veh

𝑖 crosses the tram tracks 𝜙tram
1,1 and 𝜙tram

1,2 and it is assigned the first phase 𝛴1 (represented by transition 𝚙𝚑𝚊𝚜𝚎1), then the
nabling function of transitions 𝚜𝑖,0, . . . , 𝚜𝑖,𝐾𝑖−1 evaluates to true if place 𝙿𝚑𝚊𝚜𝚎1 contains one token and places 𝚃𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,1,
𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,2, 𝙲𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,1, and 𝙲𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,2 are empty. For simplicity of presentation, each queue state is explicitly represented
y a dedicated place, though the submodel of vehicle flow 𝜙veh

𝑖 could be encoded in a more compact manner by: a place 𝚚𝚞𝚎𝚞𝚎𝑖
hose marking represents the queue length; an EXP transition 𝚝𝑖 modeling vehicle arrivals, having rate 𝜆𝑖, place 𝚚𝚞𝚎𝚞𝚎𝑖 as an output
lace and an enabling function that evaluates to true if place 𝚚𝚞𝚎𝚞𝚎𝑖 contains less than 𝐾𝑖 tokens; and, an EXP transition 𝚝𝑖 modeling

vehicle departures, having rate 𝚜𝑖 depending on the marking of place 𝚚𝚞𝚎𝚞𝚎𝑖, and place 𝚚𝚞𝚎𝚞𝚎𝑖 as an input place.

3. Problem formulation and solution

We evaluate the impact of tram lines on vehicle flows in terms of expected queue size, both in the transient phase up to a time
limit, and in the long run. We use this result in Section 4.2 to derive the signal schedule that minimizes the maximum expected
percentage of queued vehicles of each flow.

In principle, for each vehicle flow, the expected queue length over time could be derived through transient analysis of the STPN
model of Fig. 3 based on the method of stochastic state classes [46], which enables quantitative evaluation of stochastic models
where multiple non-EXP timers can be concurrently enabled in each state. However, this solution would not be practically feasible
due to the high number of concurrent GEN transitions and the high number of firings to which GEN transitions remain persistent.
This problem could not be circumvented even though the model size would be reduced by analyzing each vehicle flow submodel
together only with the submodels that it depends on, i.e., the submodel of the traffic light schedule and the submodels of the
tram tracks. Since the model includes multiple concurrently enabled DET and GEN transitions, solution methods that require at
most one expolynomially distributed timer in each marking [52] could not be applied, and those that rely on the approximation of
non-EXP transitions through phase-type distributions [53,54] would face significant complexity as well in approximating bounded
supports. We recall that expolynomial functions, also termed exponomials [55], are defined as the sum of products of exponential
and polynomial terms, i.e., 𝑓 (𝑥) = ∑𝑀−1

𝑚=0 𝑐𝑚
∏𝑁−1

𝑛=0 𝑥𝛼𝑚𝑛𝑛 𝑒−𝜆𝑚𝑛𝑥𝑛 .
Therefore, we propose an efficient compositional approach to decouple the analyses of tram lines and vehicle flows. On the

one hand, each tram track submodel is analyzed in isolation by forward transient analysis based on the method of stochastic state
classes to derive the transient probability that no tram is approaching or crossing the intersection, which we refer to as the intersection
availability (Section 3.1). On the other hand, each vehicle flow submodel is translated into a finite-capacity vacation queue with EXP
inter-arrival times, EXP service times, and GEN vacation times determined by the intersection availability [47–49] (Section 3.2).
Transient queue behavior is defined by a set of ordinary differential equations constraining the conditional transient probabilities
of queue lengths, whose solution yields the expected number of queued vehicles over time (Section 3.2.1).

While the expected queue length over time does not reach a steady state, due to the recurrent passages of trams and the periodic
schedule of intersection traffic light, we prove that the distribution of the expected queue length reaches a steady state at multiples of
the hyper-period, and we show that it can be derived by performing steady-state analysis of the DTMC embedded in the continuous-
time birth–death process of the queue at multiples of the hyper-period (Section 3.2.2). Given that the steady-state distribution
is experimentally observed to be reached within few hyper-periods, the expected queue size over time can be computed through
transient analysis starting from the steady-state distribution up to the first hyper-period, enabling evaluation with time-varying
7

stochastic parameters over intervals of arbitrary duration.
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Table 2
CDFs of the transitions of the STPN submodels of tram tracks 𝜙tram

1,1 and 𝜙tram
1,2 of tram line 𝜙tram

1 in Fig. 3
(unif(𝑎, 𝑏) denotes a uniform distribution over [𝑎, 𝑏]; det(𝑐) denotes the generalized distribution of a Dirac
delta function centered at 𝑐).

Tram track 𝜙tram
1,1 Tram track 𝜙tram

1,2

transition CDF transition CDF

𝚙𝚎𝚛𝚒𝚘𝚍1,1 det(220 s) 𝚙𝚎𝚛𝚒𝚘𝚍1,2 det(220 s)
𝚘𝚏𝚏𝚜𝚎𝚝1,1 det(0 s) 𝚘𝚏𝚏𝚜𝚎𝚝1,2 det(110 s)
𝚍𝚎𝚕𝚊𝚢1,1 unif(0 s, 120 s) 𝚍𝚎𝚕𝚊𝚢1,2 unif(0 s, 40 s)
𝚝𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,1 det(5 s) 𝚝𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,2 det(5 s)
𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,1 unif(6 s, 14 s) 𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,2 unif(6 s, 14 s)

3.1. Evaluation of tram traffic behavior

The submodel of each tram track (see Fig. 3) can be evaluated by forward transient analysis based on the method of stochastic
tate classes [45,46] implemented by the ORIS tool [56] and the SIRIO library [57], which addresses models where multiple non-
XP timers can be concurrently enabled in each state (note that the DET transition modeling tram departures, e.g., 𝚙𝚎𝚛𝚒𝚘𝚍1,1 in the

submodel of tram track 𝜙tram
1,1 shown in Fig. 3, is always enabled and at most one of the remaining transitions is also enabled). A

stochastic state class encodes the current marking plus the joint support and the joint PDF of the elapsed time and the times-to-fire
of the enabled transitions. The approach enumerates the stochastic state classes reached within a given time limit 𝑡max and uses
the probability that each class is the last node reached within 𝑡 ∈ [0, 𝑡max] to derive the probabilities of all markings at 𝑡. Thus, the
probability 𝛼𝑙,𝑧(𝑡) that a tram of track 𝜙tram

𝑙,𝑧 is neither approaching nor crossing the intersection at 𝑡 can be derived as:

𝛼𝑙,𝑧(𝑡) =
∑

𝑚∈𝑙,𝑧

𝑝𝑚(𝑡) (1)

where 𝑝𝑚(𝑡) is the probability of marking 𝑚 at time 𝑡 and 𝑙,𝑧 is the set of markings where places 𝚝𝚛𝚊𝚏𝚏𝚒𝚌𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛𝑙,𝑧 and
𝙲𝚛𝚘𝚜𝚜𝚒𝚗𝚐𝑙,𝑧 are empty. Given that behaviors of trams of all tracks of all lines are independent of each other, the intersection availability
𝛼(𝑡), i.e., the probability that no tram is either approaching or crossing the intersection at time 𝑡, can be computed as the product
of probabilities 𝛼𝑙,𝑧(𝑡) of each tram track 𝜙tram

𝑙,𝑧 of each tram line 𝜙tram
𝑙 , computed by Eq. (1):

𝛼(𝑡) =
∏

𝑙 ∈ {1,… , 𝐿}
𝑧 ∈ {1,… , 𝑍𝑙}

𝛼𝑙,𝑧(𝑡) (2)

where 𝐿 is the number of tram lines and 𝑍𝑙 is the number of tram tracks of tram line 𝜙tram
𝑙 .

Referring to the STPN model of Fig. 3, we consider an intersection between vehicle flow 𝜙veh
1 and tram line 𝜙tram

1 made of
tracks 𝜙tram

1,1 and 𝜙tram
1,2 . Table 2 shows the deterministic temporal parameters (i.e., always taking the same value) and stochastic

temporal parameters (i.e., taking values according to a probability distribution) of the STPN submodels of the two tracks, derived
by referring to a real scenario detected by the GEST company [58] for a critical intersection of the Florence tramway during a
half-day of operation. On the one hand, deterministic temporal parameters are modeled by DET transitions. Specifically, in Fig. 3,
the DET transitions 𝚙𝚎𝚛𝚒𝚘𝚍1,1 and 𝚙𝚎𝚛𝚒𝚘𝚍1,2 have value 𝑇1 = 220 s, which comprises the actual nominal inter-arrival time of trams
during high-frequency hourly intervals; the DET transitions 𝚘𝚏𝚏𝚜𝚎𝚝1,1 and 𝚘𝚏𝚏𝚜𝚎𝚝1,2 have arbitrary values 𝑂1,1 = 0 s and 𝑂1,2 = 110 s,
respectively, selected not to synchronize tram passages and thus to illustrate the complexity of behaviors; and, the DET transitions
𝚝𝚛𝚊𝚏𝚏𝚒𝚌𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,1 and 𝚝𝚛𝚊𝚏𝚏𝚒𝚌𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,2 have value 𝐺1,1 = 𝐺1,2 = 5 s, which is the actual advance on the tram arrival
time with which traffic lights of vehicles are turned red.

On the other hand, without loss of generality, stochastic temporal parameters are modeled by GEN transitions with uniform
CDF to facilitate the interpretability of results. Moreover, uniform CDFs are often advocated when measured data are not available
and temporal parameters are described by a min–max duration but not by a probabilistic characterization [59], which might occur
during early evaluation of design choices. In the specific case of the experiments reported in this paper, the GEN transition 𝚍𝚎𝚕𝚊𝚢1,1
is associated with a uniform CDF over [0, 120] s, where 120 s is the maximum observed tram delay with respect to the nominal
arrival time at the wayside system; the GEN transition 𝚍𝚎𝚕𝚊𝚢1,2 is arbitrarily associated with a uniform CDF over [0, 40] s not to
synchronize tram passages; and, the GEN transitions 𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,1 and 𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,2 are associated with a uniform CDF over [6, 14] s,
where 6 s and 14 s are the minimum and maximum observed time needed by trams to cross the intersection, respectively. It is worth
noting that the approach could encompass any GEN CDF in the class of expolynomial functions [55], with analytical representation
over the entire domain or piecewise-defined over multiple sub-domains. Expolynomial CDFs are supported by the ORIS tool and the
SIRIO and OMNIBUS libraries, affecting the complexity of the subsequent solution method only to a marginal extent, and facilitating
fitting of statistics of duration data, which could be easily obtained from the tramway infrastructure [60,61].

Fig. 4 shows the transient probability 𝛼1,1(𝑡) that no tram of track 𝜙tram
1,1 is either approaching or crossing the intersection (dashed

line): 𝛼1,1(𝑡) decreases from time 0 s, i.e., the minimum time at which the tram may arrive at the wayside system, up to time 19 s,
i.e., the maximum time at which the tram finishes crossing the intersection when it arrives at the wayside system at time 0 s; then,
8

𝛼1,1(𝑡) remains constant up to time 120 s, i.e., the maximum arrival time at the wayside system; finally, 𝛼1,1(𝑡) increases up to reaching
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Fig. 4. For tram tracks 𝜙tram
1,1 and 𝜙tram

1,2 of the tram line 𝜙tram
1 of Fig. 3, with the stochastic temporal parameters of Table 2, the plot shows the transient

robability 𝛼1,1(𝑡) that no tram of track 𝜙tram
1,1 is either approaching or crossing the intersection, the transient probability 𝛼1,2(𝑡) that no tram of track 𝜙tram

1,2 is
either approaching or crossing the intersection, and the transient probability 𝛼(𝑡) that no tram of any of the two tracks is either approaching or crossing the
ntersection.

alue 1 at time 139 s, i.e., the maximum time at which the tram leaves the intersection. Fig. 4 also shows the transient probability
1,2(𝑡) that no tram of track 𝜙tram

1,2 is either approaching or crossing the intersection (dotted line): similarly, 𝛼1,2(𝑡) decreases from
ime 110 s (i.e., the minimum arrival time at the wayside system) up to time 129 s (i.e., the maximum time at which the tram finishes
rossing the intersection when arriving at time 0 s at the wayside system), remains constant up to time 150 s (i.e., the maximum
rrival time at the wayside system), and increases up to reaching value 1 at time 169 s (i.e., the maximum time at which the tram
eaves the intersection). Fig. 4 also shows the transient probability 𝛼(𝑡) that no tram of any of the two tracks is either approaching
r crossing the intersection (fuchsia line), which is the product of 𝛼1,1(𝑡) and 𝛼1,2(𝑡) according to Eq. (2).

.2. Evaluation of vehicle traffic behavior

Each vehicle flow is modeled as an M/M finite-capacity vacation queue with GEN vacation time [47], where vacations occur when
he intersection is not available due to a tram passage or a signal red phase. Note that vacation durations and intertimes are both
EN, and service is nonexhaustive as vacations can start even when the queue is not empty. For instance, referring to the STPN
odel of Fig. 3, for an intersection between a single vehicle flow 𝜙veh

1 and a tram line 𝜙tram
1 made of a single track 𝜙tram

1,1 , the signal
chedule defines a single phase assigned to 𝜙veh

1 , and thus:

• the 𝑛th unavailability interval starts at a random time 𝑡𝑛 following the GEN distribution of transition 𝚍𝚎𝚕𝚊𝚢1,1 shifted by
the value 𝑂1,1 + (𝑛 − 1) 𝑇1 of the nominal arrival time of the 𝑛th tram at the wayside system, i.e., the distribution of 𝑡𝑛 is
unif((𝑛 − 1) 220 s, (𝑛 − 1) 220 + 120 s);

• the duration 𝛥𝑛 of each unavailability interval follows the GEN distribution of transition 𝚌𝚛𝚘𝚜𝚜𝚒𝚗𝚐1,1 shifted by the value 𝐺1,1
of transition 𝚝𝚛𝚊𝚏𝚏𝚒𝚌𝙻𝚒𝚐𝚑𝚝𝚃𝚛𝚒𝚐𝚐𝚎𝚛1,1, i.e., the distribution of 𝛥𝑛 is unif(11 s, 19 s).

The queue may be modeled as a single server M/M/1/𝐾 vacation queue, where the intersection itself acts as the server, and
he service time represents the time during which each vehicle is crossing the intersection. Alternatively, the queue may also be
odeled as a multiple-server M/M/𝐾/𝐾 vacation queue, to capture the fact that multiple vehicles drive along the road section

efore crossing the intersection, thus considering the overall road section as a set of servers and the rate of the Poisson process of
ehicle departures as the rate of the time that queued vehicles take to advance one position in the queue. In doing so, the model
till allows one vehicle at a time to leave the intersection, but it is able to better capture the process of vehicles approaching the
ntersection, which is not modeled at all by the M/M/1/𝐾 model.

A vast literature addresses the evaluation of vacation queueing systems considering both EXP and GEN vacation times [47,62,63],
.g., M/M/1 vacation queues with different service policies considered in [64], M/M/1 queues cyclically attended by the server
n [65] according to various polling schemes with EXP walk time, and GI/M/c queues where servers take synchronous vacations
ith duration characterized by a phase type distribution [66]. Markov modulated queueing systems [67] are also investigated to
odel primary arrival or service processes controlled by a secondary Markov process, e.g., M/M/1 queues where the arrival and

ervice rates depend on the state of a DTMC [67] or where the server speed is changed based on the measured utilization at
ecision points determined by a DTMC [68], queues characterized by a Markovian Arrival Process (MAP) [69] where arrivals are
ssociated with state transitions of a hidden Continuous Time Markov Chain (CTMC), and MAP/M/c queues with phase-type vacation
imes [70,71]. In our model, the duration of server vacancy and the time between two consecutive starts of server vacancy have GEN
istributions which are not explicitly given and are rather determined by a non-Markovian process, resulting from the composition
f the marking processes underlying the STPN models of the tram tracks and the deterministic time-division multiplexing schedule
f the intersection traffic light. According to this terminology, our models can be termed non-Markov modulated vacation queueing
ystems. Moreover, in our approach, control mechanisms to regulate the server speed are not considered, and the server may be
navailable with probability 1 during certain time intervals.
9
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3.2.1. Evaluation of transient behavior
The submodel of vehicle flow 𝜙veh

𝑖 (as illustrated in Section 2.2 and Fig. 3) can be represented as an M/M/1/𝐾𝑖 vacation queue
with GEN vacation time or as an M/M/𝐾𝑖/𝐾𝑖 vacation queue with GEN vacation times, whose parameters are defined as illustrated
in the following:

• The arrival rate is 𝜆𝑖.
• The queue capacity is 𝐾𝑖.
• The number of servers is equal to 1 in the M/M/1/𝐾𝑖 queue, i.e., one vehicle at a time is allowed cross the intersection, and

equal to the queue capacity 𝐾𝑖 in the M/M/𝐾𝑖/𝐾𝑖 queue.
• In the M/M/1/𝐾𝑖 queue, the service rate is 𝜇𝑖 ⋅ 𝛽𝑖(𝑡) ∀ 𝑡 ⩾ 0, i.e., the rate 𝜇𝑖 of the EXP time that a vehicle takes to cross the

intersection (when available), modulated by the probability 𝛽𝑖(𝑡) that 𝜙veh
𝑖 is allowed to cross the intersection at time 𝑡. In turn,

given that the signal schedule is independent of tram passages, 𝛽𝑖(𝑡) can be derived as the product of the schedule 𝜎𝑖(𝑡) of 𝜙veh
𝑖

(which equals 1 if 𝑡 belongs to a phase assigned to 𝜙veh
𝑖 and 0 otherwise) and the intersection availability 𝛼(𝑡) (i.e., probability

that no tram is approaching or crossing the intersection at time 𝑡), i.e., 𝛽𝑖(𝑡) = 𝜎𝑖(𝑡) ⋅ 𝛼(𝑡) ∀ 𝑡 ⩾ 0.
In the M/M/𝐾𝑖/𝐾𝑖 queue, the service rate is 𝑘 ⋅ 𝜇𝑖 ⋅ 𝛽𝑖(𝑡) where 𝑘 is the number of queued vehicles ∀ 𝑘 ∈ {0, 1,… , 𝐾𝑖}, i.e., the
rate 𝑘 ⋅ 𝜇𝑖 of the EXP time that 𝑘 vehicles take to leave the intersection (when available) and thus to advance one position in
the queue, modulated by the probability 𝛽𝑖(𝑡) that 𝜙veh

𝑖 is allowed to cross the intersection at time 𝑡. Note that the service rate
is linear in the queue length to facilitate interpretation of experimental results. Nevertheless, more complex functions could
be considered, without affecting the complexity of the solution method to any extent.

To characterize the queue behavior, we compute the probability 𝑅𝑘,𝑗 (𝑡) that the number 𝑄(𝑡) of queued vehicles at time 𝑡
s equal to 𝑗 given that the number 𝑄(0) of queued vehicles was equal to 𝑘 at the initial time, ∀ 𝑘, 𝑗 ∈ {0, 1,… , 𝐾𝑖}, ∀ 𝑡 > 0,
.e., 𝑅𝑘,𝑗 (𝑡) ∶= 𝑃 {𝑄(𝑡) = 𝑗 ∣ 𝑄(0) = 𝑘}. Specifically, 𝑅𝑘,𝑗 (𝑡) is characterized by a system of ordinary differential equations, obtained
onsidering the system behavior during an infinitesimal time interval 𝛥𝑡 tending to zero, so that the only transitions that may happen
ith non-negligible probability within that interval are one vehicle arrival (with probability 𝜆𝑖𝛥𝑡), or one vehicle departure (with
robability 𝜇𝑖𝛥𝑡), or neither arrivals nor departures (with probability 1 − 𝜆𝑖𝛥𝑡 − 𝜇𝑖𝛥𝑡). According to this, for the M/M/1/𝐾𝑖 queue,
𝑘 ∈ {0, 1,… , 𝐾𝑖}, ∀ 𝑗 ∈ {1,… , 𝐾𝑖 − 1}, and ∀ 𝑡 ⩾ 0, we obtain:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑅′
𝑘,0(𝑡) = −𝜆𝑖𝑅𝑘,0(𝑡) + 𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,1(𝑡)

𝑅′
𝑘,𝑗 (𝑡) = −𝜆𝑖𝑅𝑘,𝑗 (𝑡) − 𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝑗 (𝑡)

+ 𝜆𝑖𝑅𝑘,𝑗−1(𝑡) + 𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝑗+1(𝑡)
𝑅′
𝑘,𝐾𝑖

(𝑡) = 𝜆𝑖𝑅𝑘,𝐾𝑖−1(𝑡) − 𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝐾𝑖
(𝑡)

(3)

here 𝑅𝑘,𝑘(0) ∶= 𝑃 {𝑄(0) = 𝑘} and 𝑅𝑘,𝑗 (0) ∶= 𝑃 {𝑄(0) = 𝑗 | 𝑄(0) = 𝑘} = 0 ∀ 𝑘 ≠ 𝑗. Similarly, for the M/M/𝐾𝑖/𝐾𝑖 queue,
𝑘 ∈ {0, 1,… , 𝐾𝑖}, ∀ 𝑗 ∈ {1,… , 𝐾𝑖 − 1}, and ∀ 𝑡 ⩾ 0, we obtain:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑅′
𝑘,0(𝑡) = −𝜆𝑖𝑅𝑘,0(𝑡) + 𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,1(𝑡)

𝑅′
𝑘,𝑗 (𝑡) = −𝜆𝑖𝑅𝑘,𝑗 (𝑡) − 𝑗𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝑗 (𝑡)

+ 𝜆𝑖𝑅𝑘,𝑗−1(𝑡) + (𝑗 + 1)𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝑗+1(𝑡)
𝑅′
𝑘,𝐾𝑖

(𝑡) = +𝜆𝑖𝑅𝑘,𝐾𝑖−1(𝑡) −𝐾𝑖𝜇𝑖𝛽𝑖(𝑡)𝑅𝑘,𝐾𝑖
(𝑡)

(4)

oth Eqs. (3) and (4) can be numerically solved by discretization with time step 𝛿 over the interval [0, 𝑡max], with linear complexity
n the number 𝑡max∕𝛿 of time points and quadratic complexity in the queue capacity 𝐾𝑖. Note that the arrival process could be
asily extended into a time-inhomogeneous Poisson Process by multiplying rate 𝜆𝑖 in Eq. (3) by a function of time, supporting
epresentation of vehicles arriving in bursts, platoons and free flow. Similarly, both for arrival times and for leaving times, other
on-EXP distributions could be easily considered that maintain the underlying stochastic process in the class of CTMCs, e.g., using
yper-EXP distributions and Markovian Arrival Processes.

For both queue models, the expected queue length �̄�(𝑡) at time 𝑡 can be derived by the total probability law, considering the
nitial distribution of the queue length, i.e., 𝑅𝑘,𝑘(0) ∀ 𝑘 ∈ {0, 1,… , 𝐾𝑖}:

�̄�(𝑡) =
𝐾𝑖
∑

𝑘=0
𝑅𝑘,𝑘(0)

𝐾𝑖
∑

𝑗=0
𝑗 𝑅𝑘,𝑗 (𝑡) (5)

Fig. 5(a) shows �̄�(𝑡) for a vehicle flow with queue capacity 𝐾 = 31 (derived from road section length 𝑆 = 150m, vehicle length
= 4.5m, and safe distance 𝐷 = 0.3m), arrival rate 𝜆 = 0.9 s−1, and leaving rate 𝜇 = 1.138 s−1 for the M/M/1/𝐾 model (derived

rom maximum vehicle speed 𝑉 = 50 kmh−1 and intersection length 𝐸 = 12.2m) and 𝜇 = 0.092 s−1 for the M/M/𝐾/𝐾 model (derived
rom maximum vehicle speed 𝑉 = 50 kmh−1 and road section length 𝑆 = 150m), which intersects a tram line with two tracks, each
odeled by the tram track submodel of Fig. 3 considering the stochastic parameters of Table 2. Specifically, �̄�(𝑡) is computed by

olving the systems of Eqs. (3) and (4) up to time 660 s (i.e., 3 hyper-periods, each having duration 𝐻 = 220 s) with time step 0.1 s,
onsidering that the queue is empty at the initial time, i.e., the initial distribution is 𝑅0,0(0) = 1 and 𝑅𝑘,𝑘(0) = 0 ∀ 𝑘 ∈ {1,… , 𝐾𝑖}. As
xpected, due to the recurrent passages of trams, �̄�(𝑡) soon reaches an almost periodic pattern for both the M/M/1/𝐾 model and the
/M/𝐾/𝐾 model (except during an initial small transitory interval), with peaks and troughs corresponding to low and high values

f the intersection availability 𝛼(𝑡) shown in Fig. 4. With respect to the M/M/1/𝐾 curve, the M/M/𝐾/𝐾 curve shows increasing
10
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Fig. 5. Transient expected queue length evaluated on the M/M/1/𝐾 and M/M/𝐾/𝐾 models from the initial condition of an empty queue (a) and from a queue
ith a random number of vehicles distributed according to the steady state distribution (b).

nd decreasing sections slightly shifted to the left and with slightly lower peaks and higher troughs. These effects are due to the
act that, in the M/M/𝐾/𝐾 model, all the vehicles queued in the road section are considered to be served (instead of only the one
rossing the intersection), which makes the queue fill and empty earlier, and the peak-to-trough amplitude be lower.

.2.2. Evaluation of steady-state behavior
We prove existence and we derive the steady-state distribution of the number of queued vehicles at multiples of the hyper-

eriod. To this end: (1) first, we derive the transition probability matrix of the DTMC X embedded in the continuous-time birth
eath process Y of the queue (i.e., either the M/M/1/𝐾𝑖 queue or the M/M/𝐾𝑖/𝐾𝑖 queue), by performing transient analysis of
he queue behavior within a hyper-period (i.e., by solving the set of ordinary differential equations of either Eq. (3) or Eq. (4),
espectively); (2) then, we prove that the DTMC X is irreducible, aperiodic, and positive recurrent; and, (3) finally, we prove that
here exists a unique steady-state distribution of the number of queued vehicles at multiples of the hyper-period and we derive it
hrough steady-state analysis of the DTMC X.

1. The DTMC X consists of 𝐾𝑖 + 1 states 𝑠0, 𝑠1, . . . , 𝑠𝐾𝑖
modeling the number 0, 1, . . . , 𝐾𝑖 of queued vehicles, respectively, and

(𝐾𝑖 + 1)2 transitions between any pair of states ⟨𝑠𝑘, 𝑠𝑗⟩ ∀ 𝑘, 𝑗 ∈ {0, 1,… , 𝐾𝑖}. Note that 𝑃 {𝑄((𝑛 + 1)𝐻) = 𝑗 ∣ 𝑄(𝑛𝐻) = 𝑘} =
𝑃 {𝑄(𝐻) = 𝑗 | 𝑄(0) = 𝑘}, given that Y has constant birth rate 𝜆𝑖 and periodic death rate with period 𝐻 , either 𝜇𝑖 𝛽𝑖(𝑡) for
the M/M/1/𝐾𝑖 model or 𝑘𝜇𝑖 𝛽𝑖(𝑡) for the M/M/𝐾𝑖/𝐾𝑖 model. Therefore, the transition probability from state 𝑠𝑘 to state 𝑠𝑗
of X is defined as 𝑃𝑘,𝑗 ∶= 𝑃 {𝑄(𝐻) = 𝑗 ∣ 𝑄(0) = 𝑘} = 𝑅𝑘,𝑗 (𝐻) ∀ 𝑘, 𝑗 ∈ {0, 1,… , 𝐾𝑖}. According to this, solution of the system
of Eq. (3) or Eq. (4) within [0,𝐻] for the M/M/1/𝐾𝑖 queue and the M/M/𝐾𝑖/𝐾𝑖 queue, respectively, is sufficient to compute
the transition probability matrix 𝑷 of X.

2. By definition, any state of the birth–death process Y can be reached from any other state after a non-null time, and thus after
a hyper-period, i.e., 𝑅𝑘,𝑗 (𝐻) > 0 ∀ 𝑘, 𝑗 ∈ {0, 1,… , 𝐾𝑖}. According to this, the DTMC X is irreducible (i.e., any state can be
reached from any other state) and aperiodic (i.e., any return to a state can occur in any number of steps). Given that X is
irreducible and has finite state space, X is also positive recurrent (i.e., the mean return time to each state is finite).

3. Since X is irreducible, aperiodic, and positive recurrent, the limiting probability 𝜋𝑘 ∶= lim𝑛−>∞ 𝑝𝑘(𝑛) exists ∀ 𝑘 ∈ {0, 1,… , 𝐾𝑖},
where 𝑝𝑘(𝑛) ∶= 𝑃 {𝑄(𝑛𝐻) = 𝑘} is the probability of 𝑘 queued vehicles at the beginning of the (𝑛 + 1)th hyper-period.
The row vector 𝝅 ∶= {𝜋0, 𝜋1,… , 𝜋𝐾𝑖

} of the limiting probabilities is independent of the initial probability distribution
𝒑(0) ∶= {𝑝0(0), 𝑝1(0),… , 𝑝𝐾𝑖

(0)}, is the unique steady-state probability distribution, and can be computed by solving the
following system of linear equations, where 𝑷 is the transition probability matrix of X:

{

𝝅 = 𝝅 𝑷
|𝝅| = 1

(6)

We solve Eq. (6) numerically by the Successive Over Relaxation (SOR) iterative method [72], with quadratic complexity in
the number of states of X.

Figs. 6(a) and 6(b) plot the steady-state distribution of the queue length at multiples of the hyper-period, computed through
he M/M/1/𝐾𝑖 and the M/M/𝐾𝑖/𝐾𝑖 vacation queue with GEN vacation time, respectively, for the intersection analyzed in Fig. 5.
he steady-state distribution computed through the M/M/1/𝐾𝑖 model has expected value (i.e., 7.151) lower than the one obtained
hrough the M/M/𝐾𝑖/𝐾𝑖 model (i.e., 9.801), as suggested by the expected number of queued vehicles over time plotted in Fig. 5(a),
here peaks of the M/M/𝐾𝑖/𝐾𝑖 curve are slightly lower than those of the M/M/1/𝐾𝑖 curve, while troughs are significantly higher.
11

ig. 5(b) plots the expected number of queued vehicles over time computed for both models assuming initial distribution of the
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(

Fig. 6. Steady-state distribution of the number of queued vehicles at multiples of the hyper-period for the intersection analyzed in Fig. 5, computed through:
a) the M/M/1/𝐾 and (b) the M/M/𝐾/𝐾 vacation queue with GEN vacation time.

number of queued vehicles equal to the corresponding steady-state distribution at multiples of the hyper-period. With respect to the
curves of Fig. 5(a), derived assuming that the queue is empty at the initial time, the pattern is exactly periodic with period equal
to the hyper-period 𝐻 = 220 s.

3.2.3. Remarks
According to the above treatment, given the values of the system parameters (i.e., the parameters of the intersection, vehicle

flows, and tram lines), variability over time of the expected queue length of each vehicle flow is captured in the vehicle flow
submodel by modulating the queue service rate according to the probability over time that the vehicle flow is allowed to cross the
intersection, which, in turn, is determined by the synchronous passages of trams and the deterministic schedule of the intersection
traffic light. In particular, the evaluation of the expected queue length over time of each vehicle flow can be performed by transient
analysis of the queue behavior, as illustrated in Section 3.2.1. When the values of the system parameters vary over multiple time
slots (e.g., due to daily time patterns), variability of the expected queue length of each vehicle flow from one time slot to the next
one is captured by performing, for each time slot, transient analysis of the queue behavior up to the first hyper-period, starting
from the steady-state distribution (of the queue length at multiples of the hyper-period) reached within the previous time slot, as
illustrated in Section 3.2.2. In doing so, by combining transient and steady-state analyses, the proposed approach enables evaluation
of the expected queue length of each vehicle flow over time intervals that have arbitrary duration and under parameter values that
vary over time.

4. Experimental evaluation

We assess feasibility and effectiveness of the approach comparing with simulation based on the SUMO tool [44]. As an
instrumental step, we compare the expected queue length over time, derived through the M/M/1/𝐾 and the M/M/𝐾/𝐾 model
variants, in the case of an intersection between a vehicle flow and a bidirectional tram line (i.e., tram line made of two tracks having
same tram departure period), which shows that the M/M/𝐾/𝐾 model provides a better fit of values obtained with SUMO simulation
(Section 4.1). We thus leverage the M/M/𝐾/𝐾 model to derive optimal signal schedules that minimize the maximum expected
percentage of queued vehicles of each flow, showing that the approach is able to identify the optimal schedule for intersections of
real complexity while reducing computation time by nearly four orders of magnitude with respect to SUMO (Section 4.2).

The approach is implemented in the novel Java library OMNIBUS, which provides a Domain Specific extension of the SIRIO
library [57] of the ORIS tool [56] to represent STPN models and to perform forward transient analysis of STPN models and steady-
state analysis of DTMCs in the framework of the proposed approach. OMNIBUS is released with this paper, under AGPLv3 licence,
and it is made available for replication of results and reuse at https://doi.org/10.5281/zenodo.10693840. A repository supporting
comparison of experimental results against those obtained with SUMO is available at https://doi.org/10.5281/zenodo.10695718,
under the EPLv2 licence. Experiments are performed on an Intel Core i5-6400 processor with 2.70 GHz frequency and 16 GB RAM.

4.1. Comparison between the M/M/1/𝐾 and the M/M/𝐾/𝐾 vacation queues with GEN vacation time

We consider an intersection where a bidirectional tram line has priority over a single-lane vehicle flow. We consider the following
parameter values, also summarized in Table 3 (note that parameters of the traffic light schedule are not shown given that a single
vehicle flow is considered):

• The intersection has the typical length 𝐸 = 12.2m of an intersection in SUMO.
• Tram tracks have the stochastic parameters of Table 2, except for the offset of the second track which is 40 s instead of 110 s.

Specifically: trams of both tracks have arrival period 𝑇 = 220 s, travel time from the wayside system to the intersection equal
to 5 s, and crossing time uniformly distributed over [6, 14] s; the offset 𝑂 of tram arrivals is null for the first track and equal to
40 s for the second one; and, the delay with respect to the nominal arrival time at the wayside system is uniformly distributed
over [0, 120] s for the first track and [0, 40] s for the second one. Note that these parameter values tend to synchronize tram
12
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Table 3
Parameters used in the comparison between the M/M/1/𝐾 and the M/M/𝐾/𝐾 models.

intersection parameter values

𝐸 intersection length 12.2m

vehicle flow 𝜙veh
1 parameter value

𝑆 road section length {50, 150, 450}m
𝐶 vehicle length 4.5m
𝐷 minimum vehicle distance 0.3m
𝑉 maximum vehicle speed {30, 50, 70} kmh−1

𝐾 vehicle queue capacity {10, 31, 93}
𝜌 initial queue length distribution 𝑅0,0(0) = 1 and 𝑅𝑘,𝑘(0) = 0 ∀ 𝑘 ∈ {1, 2,… , 𝐾} (empty queue)
𝜆 vehicle arrival rate {0.5, 0.9, 1.3} s−1

𝜇MM1K vehicle leaving rate in the M/M/1/𝐾 model {0.683, 1.138, 1.593} s−1

𝜇MMKK vehicle leaving rate in the M/M/𝐾/𝐾 model {0.166, 0.277, 0.388, 0.055, 0.0920.129, 0.018, 0.030, 0.043} s−1

tram line 𝜙tram
1 parameter value

𝑇 period 220 s

tram track 𝜙tram
1,1 parameter value

𝑂𝑙,𝑧 offset 0 s
𝑑𝑙,𝑧 delay distribution unif(0 s, 120 s)
𝐺𝑙,𝑧 red signal trigger time 5 s
𝑐𝑙,𝑧 crossing time distribution unif(6 s, 14 s)

tram track 𝜙tram
1,2 parameter value

𝑂𝑙,𝑧 offset 40 s
𝑑𝑙,𝑧 delay distribution unif(0 s, 40 s)
𝐺𝑙,𝑧 red signal trigger time 5 s
𝑐𝑙,𝑧 crossing time distribution unif(6 s, 14 s)

passages, and thus to increase duration of the intervals of intersection unavailability, making search for optimal schedules
more challenging. In particular, the intersection availability takes minimum value nearly equal to 0.547, and keeps this value
in the entire range [59, 80] s. Thus, the expected queue size over time exhibits peaks around 80 s (see Fig. 7). Conversely, in
Fig. 4, the intersection availability takes minimum value nearly equal to 0.589, and keeps this value in the much smaller
interval [126.7, 127.7] s.

• The road section that precedes the intersection has length 𝑆 ∈ {50, 150, 450} m, and vehicles have length 𝐶 = 4.5m
and safe distance 𝐷 = 0.3m, thus yielding queue capacity 𝐾 ∈ {10, 31, 93}. Vehicles have maximum allowed speed 𝑉 ∈
{30, 50, 70} kmh−1 and arrival rate 𝜆 ∈ {0.5, 0.9, 1.3} s−1. In the OMNIBUS model, for the M/M/1/𝐾 queue, the rate 𝜇MM1K of
the time a vehicle takes to leave the intersection is equal to 𝑉 ∕𝐸, thus yielding 𝜇MM1K ∈ {0.683, 1.138, 1.593} s−1; conversely,
for the M/M/𝐾/𝐾 queue, the rate 𝜇MMKK of the time a vehicle takes to advance one position in the queue is equal to 𝑉 ∕𝑆,
thus yielding 𝜇MMKK ∈ {0.166, 0.277, 0.388, 0.055, 0.0920.129, 0.018, 0.030, 0.043} s−1. Moreover, in the SUMO model, the reaction
mode of drivers can be either normal or fast according to the default car following model implemented in SUMO, i.e., a variant
of the Krauss model [73] where vehicles drive as fast as possible while maintaining perfect safety; and, the arrival policy of
vehicles when the queue is full can be either leave (i.e., abandoning the road section) or queue (i.e., entering the road section
as soon as the line runs).

This scenario is implemented in the OMNIBUS library and the SUMO simulator for each of the 27 cases resulting from the
combination of values of 𝑆, 𝜆, and 𝑉 . Notably, both the OMNIBUS model (i.e., the STPN submodels of tram tracks and the queue
modeling vehicle traffic) and the SUMO model can be derived, in principle automatically, from the metamodel of Fig. 1.

We evaluate the expected queue length �̄�(𝑡) over an interval with duration equal to 5 hyper-periods, i.e., [0, 5𝐻], with hyper-
period 𝐻 = 220 s and time step 𝛿 = 0.1 s, considering that the queue is empty at the initial time, i.e., 𝑅0,0(0) = 1 and 𝑅𝑘,𝑘(0) = 0
∀ 𝑘 ∈ {1, 2,… , 𝐾}. Then, we evaluate the error committed over the interval [2𝐻, 5𝐻] by the analysis of the OMNIBUS model
(with both the M/M/1/𝐾 and the M/M/𝐾/𝐾 queue) with respect to a ground truth obtained by simulation of the SUMO model.
Specifically, we compute the Normalized Root Mean Square Deviation (NRMSD):

NRMSD(A,S) ∶=

√

∑𝑁−1
𝑡=0 (�̄�A(𝑡) − �̄�S(𝑡))2

𝑁
⋅
1
𝐾

(7)

where �̄�A(𝑡) and �̄�S(𝑡) are the expected number of queued vehicles at time 𝑡 computed by the analysis and simulation, respectively,
and 𝑁 is the number of time points, i.e., 𝑁 ∶= 3𝐻∕𝛿+1. Notes that normalization by the queue capacity 𝐾 facilitates the comparison
among scenarios with different scale, e.g., 𝐾 = 10 with 𝑆 = 50m, while 𝐾 = 93 with 𝑆 = 450m.

4.1.1. Derivation of ground truth through SUMO
In SUMO, the tram track model is implemented using a road section of length 25m to represent the distance between the wayside

system and an intersection of length 𝐸. Trams enter each track with maximum speed equal to 18 kmh−1 (so that traveling 25m takes
13
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Fig. 7. Expected number of queued vehicles for the scenarios of Table 4 with: (a) 𝑆 = 150m, 𝜆 = 1.3 s−1, and 𝑉 = 70 kmh−1; (b) 𝑆 = 150m, 𝜆 = 0.5 s−1, and
= 70 kmh−1; and, (c) 𝑆 = 150m, 𝜆 = 1.3 s−1, and 𝑉 = 30 kmh−1.

early 5 s) and inter-arrival time equal to the period 𝑇 plus the offset 𝑂 plus the accumulated delay sampled from the a uniform
istribution, over [0, 120] s for the first track and over [0, 40] s for the second one. When a tram arrives at the wayside system, the
ehicle traffic light is turned and maintained red for a time equal to 5 s, needed by the tram to travel from the wayside system to
he intersection, plus a time sampled from a uniform distribution over [6, 14] s, needed by the tram to cross the intersection.

In SUMO, the vehicle flow model is implemented using a street of length 𝑆 preceding an intersection of length 𝐸, with vehicles
f length 𝐶 maintaining safe distance 𝐷 and maximum speed 𝑉 . Given that SUMO prevents the inter-arrival time of vehicles to be
oo small, in the experiments we consider largest arrival rate equal to 1.5 s−1, corresponding to minimum inter-arrival time equal

to 𝛾 = 0.66 s. If the arrival rate in the STPN model is 𝜆, then, in SUMO simulations, inter-arrival times of vehicles are equal to 𝛾 plus
a time sampled from an EXP distribution with rate 𝜆′ = 1∕(1∕𝜆 − 𝛾), so that the inter-arrival time has still mean 1∕𝜆 but it is not
lower than 𝛾. Moreover, preliminary experimental results show that the accuracy attained by the proposed approach in evaluating
he expected number of queued vehicles over time is not affected by the reaction mode of drivers (which can be either normal or
ast) and by the arrival policy with full queue (which can be either leave or queue, in the latter case letting vehicles enter the street
s soon as the line runs). Therefore, in the experiments, the reaction mode of drivers is set to normal, and the arrivals of vehicles
re discarded if the queue is full.

To determine the number of simulation runs, we consider the case with 𝑆 = 150m, 𝜆 = 0.9 s−1, and 𝑉 = 50 kmh−1, we perform
imulation up to time 5𝐻 = 1100 s ≃ 18.3min with time step 0.1 s, and we progressively increase the number 𝑛 of runs by 25 at a
ime, computing the NRMSD achieved by the 𝑛-run simulation with respect to the (𝑛 + 25)-run simulation. Results show that the
RMSD is in the order of 0.5⋅10−3 after 1000 runs, lower than 10−3 after 1400 runs, and lower than 10−4 after 15 000 runs. Given that
000 runs take nearly 7 h on average, and that NRMSD lower than 10−3 is sufficient for the context of use, we perform 1500 runs for
ach of the 27 cases, requiring a total execution time of nearly 11 days. Conversely, analysis is much faster than even a simulation
un, requiring less than 2.7 s for each scenario, i.e., less than 1 s to perform forward transient analysis of the STPN of each tram
rack and less than 650ms to perform transient and steady-state analysis of the vehicle queue. Note that, to achieve NRMSD equal
o that obtained by the analysis with the M/M/𝐾/𝐾 queue (i.e., 0.068, see Table 4 in Section 4.1.2), 3 simulation runs are needed
equiring nearly 1.5min, which is more than one order of magnitude larger than the analysis time. In practice, a few dozen of runs
re still necessary to obtain sufficiently smooth curves without resorting to interpolation, especially for more complex scenarios
ith multiple vehicle flows.

.1.2. Experimental results
For each considered scenario, Table 4 reports the NRMSD (computed by Eq. (7)) achieved by the analysis with respect to

he ground truth in the evaluation of the expected number of queued vehicles over time. Specifically, the analysis exploiting the
/M/𝐾/𝐾 queue achieves NRMSD lower than 0.37 in the worst case, lower than 0.2 in more than 80% of the cases, lower than 0.1

n nearly half of the cases, and equal to 0.022 in the best case, outperforming the analysis exploiting the M/M/1/𝐾 queue, which
chieves NRMSD equal to 0.576 in the worst case, between 0.3 and 0.576 in one third of the cases, lower than 0.2 in nearly 22%
f the cases, lower than 0.1 in nearly 11% of the cases, and equal to 0.058 in the best case.

For any street length, the analysis with the M/M/𝐾/𝐾 queue tends to underestimate the expected number of queued vehicles
f the arrival rate is low (which can be ascribed to the fact that the multiple-server semantics does not accurately capture single-
ehicle dynamics), to overestimate it if the arrival rate is high (which can be due to the fact that EXP leaving times corresponding
o medium speed overestimate actual leaving times, and due to the fact that this phenomenon seems to become observable in terms
f queue size when the number of vehicles is high), and to be quite accurate otherwise. In all cases, increasing the maximum
ehicle speed tends to decrease the computed metrics (which can be ascribed to the fact that EXP leaving times corresponding
o high speed actually underestimate actual leaving times), thus improving overestimates and worsening underestimates. Fig. 7(a)
lots the expected number of queued vehicles for the case with the lowest NRMSD, i.e., the case with 𝑆 = 150m, 𝜆 = 1.3 s−1, and
= 70 kmh−1, showing a trend very close to the ground truth. As already discussed, reducing the arrival rate to 𝜆 = 0.5 s−1 yields

−1
14

n underestimate (see Fig. 7(b)), while reducing the maximum vehicle speed to 𝑉 = 30 kmh yields an overestimate (see Fig. 7(c)).
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Table 4
Accuracy (NRMDS) of the analysis with the M/M/1/𝐾 and M/M/𝐾/𝐾 queue with respect to SUMO ground truth, for
27 scenarios resulting from the combinations of values of: i) the street length 𝑆, which determines the queue capacity 𝐾;
ii) the vehicle arrival rate 𝜆; and, iii) the maximum vehicle speed 𝑉 , which determines the leaving time rates 𝜇MM1K
and (together with 𝑆) 𝜇MMKK . Best and worst NRMSD values are highlighted with gray background.
𝑆 (m) 𝐾 𝜆 (s−1) 𝑉 (kmh−1) 𝜇MM1𝐾 (s−1) 𝜇MM𝐾𝐾 (s−1) NRMSD(𝐴MM1𝐾 , 𝑆) NRMSD(𝐴MM𝐾𝐾 , 𝑆)

50 10

0.5
30 0.683 0.166 0.093 0.170
50 1.138 0.277 0.233 0.212
70 1.593 0.388 0.238 0.207

0.9
30 0.683 0.166 0.270 0.025
50 1.138 0.277 0.076 0.174
70 1.593 0.388 0.224 0.238

1.3
30 0.683 0.166 0.382 0.154
50 1.138 0.277 0.255 0.026
70 1.593 0.388 0.058 0.127

150 31

0.5
30 0.683 0.055 0.223 0.105
50 1.138 0.092 0.281 0.145
70 1.593 0.129 0.234 0.136

0.9
30 0.683 0.055 0.439 0.089
50 1.138 0.092 0.123 0.068
70 1.593 0.129 0.286 0.135

1.3
30 0.683 0.055 0.482 0.293
50 1.138 0.092 0.469 0.100
70 1.593 0.129 0.121 0.022

450 93

0.5
30 0.683 0.018 0.342 0.076
50 1.138 0.030 0.272 0.087
70 1.593 0.043 0.203 0.074

0.9
30 0.683 0.018 0.489 0.122
50 1.138 0.030 0.256 0.025
70 1.593 0.043 0.300 0.076

1.3
30 0.683 0.018 0.504 0.364
50 1.138 0.030 0.576 0.150
70 1.593 0.043 0.137 0.049

The same trends are exacerbated for the analysis with the M/M/1/𝐾 queue, especially with medium and large street length. Overall,
he analysis with the M/M/𝐾/𝐾 queue provides results that reproduce the ground truth pattern with sufficient accuracy for the
ontext of use, capturing peaks and troughs of the expected number �̄�S(𝑡) of queued vehicles over time provided by the SUMO

ground truth, and appearing open to improvements through the refinement of the analytical form of the service rate dependent
on the queue size. Notably, the expected number �̄�A(𝑡) of queued vehicles over time computed by the analysis is able to capture
relative variations of �̄�S(𝑡) as the values of parameters change, e.g., both �̄�S(𝑡) and �̄�A(𝑡) decrease as the arrival rate 𝜆 decreases,
and they both increase as the maximum vehicle speed 𝑉 decreases. Thus, thanks also to the significantly lower computational load
with respect to SUMO, the approach can be exploited to derive the values of system parameters that optimize quantitative measures
of interest concerned with the expected occupancy state of the queue of each vehicle flow.

4.2. Derivation of optimal signal schedules

We consider the urban intersection of Fig. 8 where three independent vehicle flows cross a bidirectional tram line, we define
a space of schedules for the traffic lights of the three vehicle flows, and we show that the proposed approach can be used to
derive a schedule that minimizes the maximum expected percentage of queued vehicles of each flow, considering different values
of the arrival rates and the maximum speed of vehicles and comparing the obtained results with those computed through SUMO
(Section 4.2.1). Then, we consider 4 time intervals and we vary both the period of tram departures and the arrival rate of each
vehicle flow within each time interval, and we illustrate how the approach can be used to derive optimal signal schedules for each
time interval (Section 4.2.2). In each time interval, we leverage the model of the M/M/𝐾/𝐾 vacation queue with GEN vacation
time, performing transient analysis starting from the steady-state distribution of the number of queued vehicles at multiples of the
hyper-period reached within the previous time interval (except for the first time interval, for which the analysis of each flow is
started from empty queue).

4.2.1. Validation with respect to SUMO
We consider an intersection among a bidirectional tram line having the parameter values considered in Section 4.1 and three

vehicle flows 𝜙veh
1 , 𝜙veh

2 , and 𝜙veh
3 with arrival rate 𝜆1 = 0.05 s−1, 𝜆2 = 0.1 s−1, and 𝜆3 = 0.15 s−1, respectively, queue capacity 𝐾 = 31

(derived from street length 𝑆 = 150m, vehicle length 𝐶 = 4.5m, and safe distance 𝐷 = 0.3m), and leaving rate 𝜇 = 0.092 s−1 (derived
from 𝑆 and the maximum speed 𝑉 = 50 kmh−1). Fig. 8 shows a graphical representation of the intersection.

We consider the set of traffic signal schedules built as follows, resulting in 390 different schedules: (i) we consider period 𝑃 = 110 s
(i.e., half of the period 𝑇 = 220 s of tram departures) and phases of duration 𝛥 ∈ {15, 25, 35} s (except for the last phase which may
15

be longer); (ii) we place a short time interval of 5 s during which all vehicle signals are red between any two phases assigned to
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Fig. 8. A graphical representation of an intersection among three vehicle flows and a bidirectional tram line.

Table 5
For the intersection of Fig. 8 with arrival rates 𝜆1 = 0.05 s−1, 𝜆2 = 0.1 s−1, and 𝜆3 = 0.15 s−1 for vehicle flows 𝜙veh

1 , 𝜙veh
2 , and

𝜙veh
3 , respectively, and with maximum vehicle speed 𝑉 = 50 kmh−1, the best 10 schedules, the median 3 schedules, and the

worst 3 schedules in terms of maximum expected percentage 𝑞max
A of queue occupation of any flow computed by our analysis,

the maximum expected percentage 𝑞max
S of queue occupation of any flow computed by SUMO simulation (25 runs), and the

corresponding rank position.
Analysis rank position 𝑞max

A SUMO rank position 𝑞max
S

𝜎1 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
2 , 15), (𝜙veh

1 , 15), (𝜙veh
3 , 15)⟩ 0.301 1 0.297

𝜎2 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
1 , 15), (𝜙veh

2 , 15), (𝜙veh
3 , 15)⟩ 0.301 4 0.308

𝜎3 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.306 11 0.326

𝜎4 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.306 27 0.357

𝜎5 ∶= ⟨(𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 25)⟩ 0.316 9 0.320
𝜎6 ∶= ⟨(𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.316 5 0.310
𝜎7 ∶= ⟨(𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.316 10 0.325
𝜎8 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
3 , 15), (𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 25)⟩ 0.318 6 0.315
𝜎9 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
3 , 15), (𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.318 2 0.303
𝜎10 ∶= ⟨(𝜙veh

3 , 25), (𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15)⟩ 0.319 14 0.338

. . . . . . . . . . . .
𝜎194 ∶= ⟨(𝜙veh

2 , 25), (𝜙veh
1 , 15), (𝜙veh

3 , 35), (𝜙veh
1 , 15)⟩ 0.509 126 0.521

𝜎195 ∶= ⟨(𝜙veh
1 , 25), (𝜙veh

2 , 15), (𝜙veh
3 , 35), (𝜙veh

2 , 15)⟩ 0.509 132 0.556
𝜎196 ∶= ⟨(𝜙veh

3 , 25), (𝜙veh
1 , 25), (𝜙veh

2 , 25), (𝜙veh
1 , 15)⟩ 0.525 159 0.613

. . . . . . . . . . . .
𝜎388 ∶= ⟨(𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

1 , 15), (𝜙veh
3 , 15), (𝜙veh

2 , 25)⟩ 0.822 379 1.0
𝜎389 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

2 , 15), (𝜙veh
3 , 15), (𝜙veh

1 , 25)⟩ 0.822 334 1.0
𝜎390 ∶= ⟨(𝜙veh

2 , 25), (𝜙veh
1 , 25), (𝜙veh

3 , 15), (𝜙veh
2 , 25)⟩ 0.822 390 1.0

vehicle flows; and, (iii) in case the last phase lasted less than 15 s, we assign the time until the end of the period to the second-to-last
hase (to guarantee that each phase has duration at least equal to 15 s). For instance, within each period [0, 110] s, the schedule
(𝜙veh

1 , 35), (⋅, 5), (𝜙veh
2 , 35), (⋅, 5), (𝜙veh

3 , 25), (⋅, 5)⟩ assigns the time interval [0, 35] s to 𝜙veh
1 , the time interval [40, 75] s to 𝜙veh

2 , and the time
interval [80, 105] s to 𝜙veh

3 , meaning that, in each of interval, the signal is green for the vehicle flow unless a tram is approaching or
crossing the intersection.

For each schedule, we perform our analysis up to 5 hyper-periods (i.e., with time limit equal to 5𝐻 where 𝐻 = 220 s) with time
step 𝛿 = 0.1 s, taking a total time of nearly 38 s (i.e., for the overall set of 390 schedules), and we compute the maximum expected
percentage of queue occupation of any flow within the interval [2𝐻, 5𝐻], i.e., 𝑞max

A = max𝑖∈{1,2,3} �̄�𝑖
A(𝑡)∕𝐾 ∀ 𝑡 ∈ [2𝐻, 5𝐻], where

�̄�1
A(𝑡), �̄�

2
A(𝑡), and �̄�3

A(𝑡) are the expected number of queued vehicles over time of 𝜙veh
1 , 𝜙veh

2 , and 𝜙veh
3 , respectively. For each schedule,

we also perform 25 simulation runs through the SUMO microscopic traffic simulator, requiring a total time of over 94 h (i.e., for the
verall set of 390 schedules), and we also compute the maximum expected percentage 𝑞max

S of queue occupation of any flow.
Table 5 shows the best ten schedules computed by our analysis method, the corresponding position in the SUMO ranking, as

ell as the values of 𝑞max
A and 𝑞max

S . Specifically, the two best schedules derived by our analysis method are the 1-st and the 4-th in
he SUMO ranking, respectively, and 7 of the best 10 schedules according to our approach are in the best 10 positions in the SUMO
anking. According to this, our approach turns out to be very efficient and effective in selecting an optimal or suboptimal schedule.
o further improve accuracy, SUMO simulation could be used in combination with our approach to derive the best schedule among
he 5–10 top schedules provided by our analysis.

Table 5 also shows the 3 schedules in median position and the 3 worst schedules according to our analysis, still showing that the
pproach is suitable for comparing traffic signal schedules in terms of maximum expected percentage of queue occupation, with the
16

orst schedule 𝜎390 being the worst schedule also in the SUMO ranking. To illustrate the goodness of the optimal schedule 𝜎1 (which
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Fig. 9. Expected number of queued vehicles over time for each flow of the intersection of Table 5, computed through SUMO simulation (25 runs) for: (a) the
best schedule 𝜎1, (b) the schedule in median position 𝜎195, and (c) the worst schedule 𝜎390.

Table 6
For a variant of the intersection of Table 5 with arrival rates 𝜆1 = 0.1 s−1, 𝜆2 = 0.2 s−1, and 𝜆3 = 0.3 s−1 for vehicle flows 𝜙veh

1 ,
𝜙veh
2 , and 𝜙veh

3 , respectively, the best 10 schedules in terms of maximum expected percentage 𝑞max
A of queue occupation of any

flow computed by our analysis, the maximum expected percentage 𝑞max
S of queue occupation of any flow computed by SUMO

simulation (25 runs), and the corresponding rank position.
Analysis rank position 𝑞max

A SUMO rank position 𝑞max
S

𝜎1 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
1 , 15), (𝜙veh

2 , 15), (𝜙veh
3 , 15)⟩ 0.603 1 0.901

𝜎2 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
2 , 15), (𝜙veh

1 , 15), (𝜙veh
3 , 15)⟩ 0.603 2 0.906

𝜎3 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.611 7 0.943

𝜎4 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.611 4 0.932

𝜎5 ∶= ⟨(𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 25)⟩ 0.631 14 0.961
𝜎6 ∶= ⟨(𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.631 10 0.948
𝜎7 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.631 13 0.960
𝜎8 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
3 , 15), (𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 25)⟩ 0.635 9 0.946
𝜎9 ∶= ⟨(𝜙veh

2 , 15), (𝜙veh
3 , 15), (𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.635 19 0.965
𝜎10 ∶= ⟨(𝜙veh

3 , 25), (𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15)⟩ 0.638 6 0.942

has maximum expected percentage of queue occupation equal to 0.297), Fig. 9 shows the expected number of queued vehicles over
time of each vehicle flow computed through SUMO simulation (25 runs) over the hyper-period [4𝐻, 5𝐻] for 𝜎1, for the schedule
n median position 𝜎195 (which has maximum expected percentage of queue occupation equal to 0.556), and for the worst schedule
390 (which has maximum expected percentage of queue occupation equal to 1.0). As expected, the best schedule tends to balance
he expected percentage of queue occupation of the different flows (see Fig. 9(a)). Conversely, under the worst schedule, the queue
f flow 𝜙veh

3 (green curve in Fig. 9(c)) tends to saturation, and the expected queue size of flow 𝜙veh
2 (orange curve) is always larger

han that of flow 𝜙veh
1 (blue curve).

The experiment is repeated by increasing the arrival rates of vehicle flows 𝜙veh
1 , 𝜙veh

2 , and 𝜙veh
3 to 𝜆1 = 0.1 s−1, 𝜆2 = 0.2 s−1,

and 𝜆3 = 0.3 s−1, respectively. The experimental results reported in Table 6 show that, though the value of the maximum expected
percentage of queued vehicles of any flow computed by our analysis (i.e., 𝑞max

A ) is significantly different from that provided by
SUMO (i.e., 𝑞max

S ), the approach is still able to derive the optimal schedule. In particular, the 1-st and 2-nd schedules in our analysis
anking are the 1-st and 2-nd schedules also in the SUMO ranking, respectively, and 7 of the best 10 schedules according to our
pproach are in the best 10 positions in the SUMO ranking.

Table 7 reports similar results for a third variant of the initial experiment where the maximum vehicle speed is reduced to
= 30 kmh−1, again showing that the approach is able to derive the optimal schedule as well as many slightly suboptimal schedules.

.2.2. Experiments with time-varying parameters
We consider the intersection of Fig. 8 used in the experiments of Section 4.2.1 and we vary the tram arrival period 𝑇 and the

rrival rates 𝜆1, 𝜆2, and 𝜆3 of vehicle flows 𝜙veh
1 , 𝜙veh

2 , and 𝜙veh
3 , respectively, within time intervals 1, 2, 3, and 4 corresponding to

ery early morning, early morning, morning, and early afternoon (to avoid saturation of queues and represent the mentioned time
atterns, in this case study with three vehicle flows arrival rates are lower than in the case study of Section 4.1 with a single vehicle
low). Specifically:

• within time interval 1, 𝑇 = 440 s, 𝜆1 = 0.025 s−1, 𝜆2 = 0.025 s−1, and 𝜆3 = 0.025 s−1;
• within time interval 2, 𝑇 = 220 s, 𝜆1 = 0.1 s−1, 𝜆2 = 0.2 s−1, and 𝜆3 = 0.3 s−1;
• within time interval 3, 𝑇 = 330 s, 𝜆1 = 0.05 s−1, 𝜆2 = 0.1 s−1, and 𝜆3 = 0.15 s−1;
• within time interval 4, 𝑇 = 220 s, 𝜆1 = 0.075 s−1, 𝜆2 = 0.15 s−1, and 𝜆3 = 0.2 s−1.

e perform the analysis by assuming that the queue of each vehicle flow is empty at the initial time, and by considering that the
umber of queued vehicles at the beginning of each subsequent interval follows the steady-state distribution reached within the
17
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Table 7
For a variant of the intersection of Table 5 with maximum vehicle speed 𝑉 = 30 kmh−1, the best 10 schedules in terms of maximum
expected percentage 𝑞max

A of queue occupation of any flow computed by our analysis, the maximum expected percentage 𝑞max
S of

queue occupation of any flow computed by SUMO simulation (25 runs), and the corresponding rank position.
Analysis rank position 𝑞max

A SUMO rank position 𝑞max
S

𝜎1 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
1 , 15), (𝜙veh

2 , 15), (𝜙veh
3 , 15)⟩ 0.387 1 0.333

𝜎2 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 25), (𝜙veh
2 , 15), (𝜙veh

1 , 15), (𝜙veh
3 , 15)⟩ 0.387 2 0.334

𝜎3 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

1 , 15), (𝜙veh
3 , 25)⟩ 0.410 3 0.353

𝜎4 ∶= ⟨(𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
1 , 15), (𝜙veh

2 , 15), (𝜙veh
3 , 25)⟩ 0.410 5 0.360

𝜎5 ∶= ⟨(𝜙veh
1 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 35), (𝜙veh

3 , 25)⟩ 0.414 24 0.396
𝜎6 ∶= ⟨(𝜙veh

3 , 25), (𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15)⟩ 0.416 20 0.393

𝜎7 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

2 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.416 10 0.373

𝜎8 ∶= ⟨(𝜙veh
3 , 25), (𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15)⟩ 0.416 12 0.376

𝜎9 ∶= ⟨(𝜙veh
2 , 35), (𝜙veh

3 , 15), (𝜙veh
1 , 15), (𝜙veh

3 , 25)⟩ 0.417 9 0.369
𝜎10 ∶= ⟨(𝜙veh

1 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 15), (𝜙veh
2 , 15), (𝜙veh

3 , 25)⟩ 0.417 4 0.359

Fig. 10. Expected queue length over time computed by SUMO simulation (25 runs) for each flow of the intersection of Fig. 8, considering time-varying vehicle
rrival rates and tram departure period over 4 intervals of 44min duration each, assuming the optimal schedules (at minimizing the maximum expected percentage
f queued vehicles of each flow) derived by our analysis.

revious interval at multiples of the hyper-period. For each time interval, we repeat the analysis for the duration of one hyper-
eriod for each of the 390 signal schedules defined in Section 4.2.1 and we derive the optimal schedule at minimizing the maximum
xpected percentage of queued vehicles of each flow, which takes a total time of nearly 3.5min. Note that, being 𝑃 = 110 s the period

of the intersection traffic light, the hyper-period duration is 𝐻1 = 440 s, 𝐻2 = 220 s, 𝐻3 = 330 s, and 𝐻4 = 220 s for time intervals 1,
2, 3, and 4, respectively.

Then, we perform 25 SUMO simulation runs (as in the experiments of Section 4.2.1) to compute the expected queue size over
time for each flow, by considering in each time interval the optimal traffic signal schedule derived by our analysis method, and by
assuming that each time interval lasts 44min, corresponding to the duration of 6 hyper-periods, 12 hyper-periods, 8 hyper-periods,
and 12 hyper-periods for time intervals 1, 2, 3, and 4, respectively. SUMO simulation takes a total time of nearly 2 h. Fig. 10 plots the
results, showing that the expected number of queued vehicles of each flow is larger for the time intervals 2 and 4 during which the
tram arrival period is lower and the vehicle arrival rates are larger with respect to the time intervals 1 and 3. Also note that, in each
time interval, the selected traffic signal schedule tends to balance the expected percentage of queue occupation of the three flows
at the steady-state. In particular, the curves show that the steady state is always reached within few hyper-periods, at most nearly
a dozen hyper-periods in cases with greater variations in parameter values between subsequent time intervals: in time interval 1,
starting from empty queue and having low arrival rate and large tram period, the steady state is reached almost immediately; in
time interval 2, it takes 4–5 hyper-periods, due to the larger arrival rates and lower tram period; in time intervals 3 and 4, a few
more hyper-periods are needed for all flows to reach the steady state, due to the different load condition in the previous time
interval, i.e., in time intervals 2 and 3, respectively. Note that performing SUMO simulation runs spanning across multiple time
18

intervals avoids the problem of computing, for each time interval, the steady-state distribution of the expected queue size of each
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flow at multiples of the hyper-period, which would be almost unfeasible to perform through SUMO simulation, and actually prevents
exploiting SUMO to derive optimal signal schedules especially when system parameters vary over time.

5. Conclusions

This paper presents an efficient compositional approach for offline derivation of optimal signal schedules for multimodal
ntersections among road vehicle flows and tram lines with right of way, minimizing the maximum expected percentage of queued
ehicles of each flow. To derive the expected queue size over time of each vehicle flow, transient analyses of microscopic models of
ram traffic, capturing deterministic and GEN temporal parameters of the arrival and travel processes of trams, are composed with
ransient analyses of macroscopic models of road vehicle flows, leveraging finite-capacity vacation queues with GEN vacation time.

e prove that the distribution of the expected number of queued vehicles of each flow at multiples of the hyper-period (i.e., the least
ommon multiple of the periods of tram departures and vehicle signals) reaches a steady state, which is experimentally observed
o be reached within few hyper-periods. Therefore, the expected queue size over time of each flow can be completely characterized
y performing transient analysis starting from the computed steady-state distribution for the duration of one hyper-period, enabling
fficient evaluation of performance with time-varying parameters over intervals of arbitrary duration.

The results achieved in the evaluation of the expected queue size over time are validated with respect to those obtained
hrough SUMO, showing that the approach is very efficient and sufficiently accurate for the context of use, and that the analysis
chieves better accuracy when vehicle flows are modeled by M/M/𝐾/𝐾 than M/M/1/𝐾 vacation queues with GEN vacation time.

In particular, in less than 2.7 s, the analysis achieves NRMSD lower than 0.37 in the worst case, lower than 0.2 in more than 80%
of the cases, and lower than 0.1 in nearly 50% of the cases, compared to SUMO simulation which takes tens of seconds to achieve
comparable NRMSD. Results also show that the approach is able to capture peaks and troughs of the expected number of queued
vehicles over time, as well as relative variations as values of parameters change, appearing suitable to derive optimal schedules for
vehicle signals, and promising to address more complex scenarios where inter-arrival times of road vehicles are characterized by
GEN distributions.

Experimental results show that the approach derives optimal signal schedules by analyzing hundreds of schedules in few minutes,
which requires tens of hours in SUMO. Moreover, the approach can be effectively used to derive optimal schedules also when the
system parameters vary over time, exploiting transient analysis starting from the steady-state distribution of the expected queue
size over time, which would be almost unfeasible to compute using a microscopic traffic simulator like SUMO. According to this,
simulation of microscopic models of the entire multimodal intersection appears much more suitable to derive accurate quantitative
measures of interest given specific values of the system parameters rather than to explore the design space of the system parameters,
especially when the values of system parameters vary over time.

The availability of finer statistics of arrival times and travel times, both for trams and for road vehicles, would improve fitting of
durations with more accurate probability distributions, enabling full exploitation of the proposed approach. Actually, these data are
becoming easier to collect by urban transport operators thanks to the growing deployment of smart technologies [60,61,74]. Then,
various approaches can be used to derive expolynomial duration CDFs, fitting either moments [75] or shape [76,77] of observed
data.

Achieved results enable future works including application of the approach to evaluate the impact of different traffic signal
policies on performance of road transport and tram transport, such as model predictive control mechanisms to adapt the operational
parameters at runtime according to measured traffic variables. The approach also lays a ground for joint optimization of traffic
signal schedules for multiple, possibly multimodal, connected intersections within a urban transportation network. In particular, the
approach could be extended also by considering multi-lane vehicle flows and by integrating statistical information about vehicle
movements, exploiting approaches that, with different objectives, investigate two-dimensional paths of vehicles while approaching
or crossing an intersection, e.g., microscopic behavioral models are exploited to describe unprotected left-turn movements in [78]
and interactions between drivers in [79], spatio-temporal characteristics like lateral movements and vehicle following time are
considered in [80] to analyze rear-end conflicts, and vehicle static and dynamic characteristics are used in [81] to estimate saturation
flow. Future work would also include validation with respect to microscopic traffic simulators able to represent variability in vehicle
movements.

Data availability

The OMNIBUS Java library is available open source under the AGPLv3 licence at https://doi.org/10.5281/zenodo.10693840,
supporting replication of the experimental results. A repository supporting replication of the comparison of the experimental results
with those obtained by SUMO is available under the EPLv2 licence at https://doi.org/10.5281/zenodo.10695718.
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